Abstract. Let I ⊆ R = k[x 1 , ..., xn] be a homogeneous equigenerated ideal of degree r. We show here that the shapes of the Betti tables of the ideals I d stabilize, in the sense that there exists some D such that for all d ≥ D, β i,j+rd (I d ) = 0 ⇔ β i,j+rD (I D ) = 0. We also produce upper bounds for the stabilization index Stab(I). This strengthens the result of Cutkosky, Herzog, and Trung that the Castelnuovo-Mumford regularity reg(I d ) is eventually a linear function in d.
Background and Results

Asymptotics of Regularity of
They provide criterion for estimating this e in the case of an equigenerated ideal I, i.e. an ideal generated by homogeneous generators of the same degree. This result generalizes an earlier bound by Swanson giving the existence of k such that
for ideals generated by monomials in [Swa97] . Let I ⊆ R = k[x 1 , ..., x n ] be an ideal. The graded Betti numbers of a homogeneous ideal I are given by β i,j (I) = dim k Tor i (k, I) j . The graded Betti numbers also correspond to the ranks of the free modules in a minimal free resolution of I. We organize this data into the Betti table of I (in the style of Macaulay 2) displaying β i,i+j (R/I) in the i th column and j th row, as seen in Example 1.4. We recall the definition of a singly graded equigenerated ideal. Definition 1.2. We say that an ideal
Using techniques similar to those in [CHT99] , [Röm01] , and [Bor09] , we produce here a sharper result on the asymptotics of Betti tables of powers I d .
Theorem 1.3 (Theorem 4.1). Let
This gives us that the shape of the Betti tables of powers of an ideal I is eventually fixed, translated down by the degree r of the ideal. Example 1.4. Let I = (x 3 x 4 x 5 , x 1 x 6 x 7 , x 3 x 6 x 8 , x 1 x 5 x 9 , x 2 x 8 x 9 ) ⊆ k[x 1 , ..., x 9 ]. We consider the Betti diagrams of the resolutions of the first few powers I d of I. The diagrams have been shifted to only show nonzero Betti numbers in the resolution of I d .
I
-1 2 3 4 5 total: 5 10 9 3 · 2: 5 · · · · 3:
· 4 9 3 · We can see the stabilized shape of the powers of I d will be: 
· 36 84 75 32 6 · 6:
· · 1 4 6 4 1
More generally, Conca provided a class of ideals I k which have linear quotients (and hence, linear resolutions) until the k th power, then have nonlinear resolutions for all powers higher than k [Con06] . This implies that for an ideal I, the shapes of Betti tables of I, I
2 , . . . , I d and I d+1 need not satisfy any chain of inclusions, though they eventually stabilize for some I D . We also provide an upper bound for the Betti numbers of powers of an equigenerated ideal I in terms of the Betti numbers of the Rees ideal of I as follows. 
holds for all i, j, d.
The proof follows from a careful examination of the restriction of a minimal resolution of R(I) to bidegrees ( * , d). We give the smallest D for which this stabilization occurs a name: Definition 1.7 (Definition 5.1). Let I be a homogeneous equigenerated ideal in polynomial ring R. Let the stabilization index Stab(I) of I be the smallest such D such that for all d ≥ D,
Finding Stab(I) in directly in terms algebraic properties of I remains open, although a conjecture for edge ideals will be given in Section 5. Areas of future research include producing explicit Stab(I) for other classes of ideals or providing sharper bounds for Stab(I) than those included here.
Rees Algebras of Equigenerated Ideals
Rees Algebras and Degree Restrictions. One common technique used in investigating powers I
n of an ideal I involves passing to the Rees algebra of I. The Rees algebra R(I) of an ideal I is an object which captures the ideal I and all of its powers.
In general, we will use a presentation of R(I) as a quotient module of the ring
If S = k[x 1 , ..., x N , w 1 , ..., w k ], and R(I) = S/L, then L is the Rees ideal of I.
2.2.
Resolutions and Bigradings of Rees Algebras. Taking a resolution (with an appropriately chosen bigrading) of L gives resolutions of all powers of L, and can be used to bound or explicitly compute Betti numbers β i,j (I n ) for all n. We will assume throughout this paper that
We bigrade R(I) by deg(x i ) = (1, 0) and deg(w i ) = (0, 1) and take the minimal graded free resolution of R(I) with respect to this grading.
Restricting to the strand ( * , d), we obtain a (possibly nonminimal) resolution of
Tensoring this resolution with k and taking the homology of the maps computes us dim Tor
This shift in the indices of β i,j+rd (I d ) accounts for the shift in grading to agree with that of R while viewing I d as an R module.
Alternately, we could have first tensored with S/M for M = (x 1 , ..., x N ), taken homology of our maps, then restricted in degrees. This will give us modules Tor S i (S/M, R(I)) j , and as these two actions commute, we have that
Hence we have that all Betti numbers of higher powers can be written in terms of the dimensions of the bigraded modules Tor S i (S/M, R(I)), given by
Bounds on Betti Numbers of Powers of Ideals
We resolve the Rees algebra R(I) and restrict to fixed w-degree strands to produce explicit bounds on the Betti numbers of I d . 
Proof. We take a minimal free resolution of R(I) and consider the degree restricted strand used in Section 2:
Let T = k[w 0 , w 1 , ..., w k ] be the polynomial ring in the w i -variables. Then we can rewrite our bigraded pieces S(−j, −m) = R(−j) ⊗ T (−m). Then in a fixed strand ( * , d), we have:
It remains to count the dimension over R of the i th module
in a fixed degree j + rd of the resolution. Finally, the dimension of T (−m) d is the number of degree d − m monomials in a polynomial ring in k + 1 variables, or
So we have that
proving the theorem.
This immediately shows that the Betti diagram of I d sits inside an (appropriately degree shifted) table coming from the Betti diagram of the resolution of R(I).
This implies that the number of nonzero graded Betti numbers of I d is bounded independent of the power d. We refine this rough bound in the following section.
Betti Diagrams of Powers of Stanley-Reisner Ideals I ∆
We are now ready to prove the main theorem: 
Proof of Theorem 4.1. From the calculation in Section 2, we have that
. The Tor i (S/M, R(I)) are finitely generated bigraded S-modules. We decompose them into bigraded components in the following way.
Let M i := Tor i (S/M, R(I)) and M ij := (M i ) (j, * ) . The M ij are finitely generated graded T -modules, where T = k[w 0 , w 1 , ..., w k ] is the polynomial ring in the w ivariables. So each M ij has a Hilbert polynomial such that We now consider a fixed M i . Theorem 3.1 gave a bound on the Betti numbers of I d depending on the Betti numbers of R(I),
As for a fixed i, the number of nonzero Betti numbers of R(I) must be finite, there can be only finitely many j such that β i,(j,m) (R(I)) = 0. This implies that for j outside of this set, β i,j+rd (I d ) ≤ 
completing the proof.
The techniques used throughout the proof of Theorem 4.1 were similar to those seen in [Bor09] , [CHT99] , and [Swa97] , but extend their results to a classification of all possible nonzero graded Betti numbers of powers of an equigenerated ideal I.
Stabilization Index of I
The bound D produced in Theorem 4.1 is not sharp, and finding the smallest such D, which we will call the stabilization index of I Stab(I), in terms of combinatorial data of I is a subject of future research.
Definition 5.1. Let I be a homogeneous ideal equigenerated in degree r in polynomial ring R. Let Stab(I) be the smallest such D such that for all d ≥ D,
While this is unknown in general, we conjecture here a formula for Stab(I G ) for edge ideal I G . Proving this conjecture would require a better understanding of the modules M ij described above. These M ij seem to carry interesting structure, and investigating the connections between M ij and the geometry of the ideal I and its Rees algebra R(I) is another area of future interest.
